Abstract. In this paper we calculate fundamental groups of branch curves and Galois covers for four toric varieties. In order to do it we need to study properties and degenerations of these toric varieties and the braid monodromies of the branch curves in CP 2 .
Introduction
Let X be a projective algebraic surface embedded in a projective space CP N . Take a general linear subspace V in CP N of dimension N −3. Then the projection centered at V to CP 2 defines a finite map f : X → CP 2 . Let B ⊂ CP 2 be the branch curve of f . Denote π 1 (CP 2 \ B) to be the fundamental group of the branch curve. The group of the generators. Let X Gal be the Galois cover of X with respect to f , and we define π 1 (X Gal ) to be its fundamental group. These groups are imporatnt invariants for classification of surfaces, hence we want to compute them.
In this work we attack four toric varieties. The first surface is X 1 := F 1 = P(O ⊕ O(1)) the Hirzebruch surface of degree one in CP 6 embedded by the line bundle with the class s + 3g, where s is the negative section and g is a general fiber. The second is X 2 := F 0 = CP 1 × CP 1 the Hirzebruch surface of degree zero in CP 7 embedded
by O(1, 3). We generalize the results to the case where X 2 is embedded in CP 2n+1
by O(1, n). The third is X 3 := F 2 = P(O ⊕ O(3)) in CP 5 embedded by the class s + 3g. The fourth is a singular toric surface X 4 with one A 1 singular point embedded in CP 6 . A 1 -singularity is an isolated normal singularity of dimension two whose resolution consists of one (−2)-curve (i.e. a nonsingular rational curve on a surface with −2 as its selfintersection number). For the first three cases, we use different triangulations of tetragons from those treated in [21] and [22] .
The research was initiated when Moishezon and Teicher defined the generators of a braid group from line arrangement in CP 2 , which is the branch curve of a generic projection from a union of projective planes [21] , namely degeneration. In order to explain the process of such degeneration, they used schematic figures consisting of triangulations of triangles and tetragons ( [17] , [20] , [21] ). Degenerations, braid monodromies and fundamental groups were studied also by Auroux -DonaldsonKatzarkov -Yotov in [10] . This work consults both works and gives a geometric meaning to these schematic figures from the view point of toric geometry ( [12] , [23] ).
Moishezon and Teicher studied the cases when X is the projective plane embedded by O(3) [21] , or when X are Hirzebruch surfaces F k (a, b) for a, b relatively prime [16] . Later works present the group π 1 (CP 2 \ B) and Π (B) related to K3 surfaces [4] , CP 1 × T where T is a complex torus ( [5] , [6] ), T × T ( [2] , [3] ), Hirzebruch surfaces F k (a, b) where a, b are non relatively prime [9] .
Main results of this work are
• Theorems 11 and 14: π 1 (CP 2 \ B 1 ) ∼ =B 5 and π 1 (CP 2 \ B 2 ) ∼ =B 6 . Moreover, Π (B 1 ) ∼ =S 5 and Π (B 2 ) ∼ =S 6 . and π 1 (X Gal ) = ker(Π (B) → S n ). The reader might want to check the papers [5] , [7] and [24] in order to get the feeling of the type of presentation we are dealing with.
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Degeneration of toric surfaces
In their process to calculate the braid monodromy, Moishezon and Teicher studied the projective degeneration of V 3 = (CP 2 , O(3)) [21] and Hirzebruch surfaces [16] . Since CP 2 and the Hirzebruch surfaces are toric surfaces, we shall describe the projective degeneration of toric surfaces in this section.
3.1. Basic notions. We outline definitions we need in toric geometry and refer to [12] and [23] for further statements and proofs. Let M be a free Z-module of rank n (n ≥ 1) and M R := M ⊗ Z R the extension of the coefficients to the real numbers. Let T := SpecC[M] be an algebraic torus of dimension n. Then M is considered as the character group of T , i.e. T = Hom gr (M, C * ).
We denote an element m ∈ M by e(m) as a function on T , which is also a rational function on X. Let L be an ample line bundle on X. Then we have
where P is an integral convex polytope in M R defined as the convex hull Conv{m 0 , m 1 , . . . , m r } of a finite subset {m 0 , m 1 , . . . , m r } ⊂ M. Conversely we can construct a pair (X, L)
of a polarized toric variety from an integral convex polytope P so that the above isomorphism holds (see [12, Section 3.5] or [23, Section 2.4] ). If an affine automorphism ϕ of M transforms P to P 1 , then ϕ induces an isomorphism of polarized toric
Example 3. The Hirzebruch surface 
Next we consider degenerations of toric surfaces as Moishezon -Teicher defined.
We recall the definition from [21] . 
When X is projective with an embedding k : X ֒→ CP n , a degeneration of X π : V → C is called a projective degeneration of k if there exists a morphism
embedding of π −1 (t) for all t ∈ C and that F 1 = k under the identification of π −1 (1) with X.
Moishezon and Teicher called the triangulation of P 3 consisting of nine standard triangles as a schematic figure of a union of nine projective planes [21] . In the theory of toric varieties, however, the lattice points P 3 ∩M correspond to rational functions of
Then we may write e(m 0 ) = x 
3.2.
Constructing the degeneration of toric surfaces. In the following we construct a semistable degeneration of toric surfaces according to Hu [13] . Let M = Z 2 .
Let P be a convex polyhedron in M R corresponding to a polarized toric surface (X, L). The lattice points P ∩ M define the embedding ϕ L : X → P(Γ(X, L)). Let Γ be a triangulation of P consisting of standard triangles with vertices in P ∩ M. Let h : P ∩ M → Z ≥0 be a function on the lattice points in P with values in nonnegative integers. LetM = M ⊕ Z and letP = Conv{(x, 0), (x, h(x)); x ∈ P ∩ M} the integral convex polytope inM R . We want to choose h to satisfy the conditions that (x, h(x)) for x ∈ P ∩ M are vertices ofP and that for each edge in Γ joining x and y ∈ P ∩ M there is an edge joining (x, h(x)) and (y, h(y)) as a face of ∂P . We call thatP realizes the triangulation Γ if these conditions are satisfied. Now we assume thatP realizes the triangulation Γ. ThenP defines a polarized toric 3-fold (X,L).
From the construction,X has a fibration p :X → CP 1 satisfying that p −1 (t) ∼ = X with t = 0 and that p −1 (0) is a union of projective planes. Furthermore we see that
Thus the flat family p :X → CP 1 gives a degeneration of X into a union of projective planes with the configuration diagram Γ. Hu treats only nonsingular toric varieties of any dimension. The difficulty of this construction is to find a triangulation Γ. Here we restrict ourselves to toric surfaces. Then we can find a triangulation for any integral convex polygon P .
). Let Γ be the triangulation of P defined by adding the edge connecting 
The fiber
which is isomorphic to
, and the fiber p
which is a union of two projective planes in CP 3 .
Lemma 6. The line bundleL onX is very ample.
Proof. Let m 1 , m 2 , m 3 ∈ P ∩ M be three vertices of a standard triangle in the tri- 
by renumbering m i if necessary. Then we can divide Q into a union of
Here Q 0 is a standard 3-simplex and Q 1 has the similar shape as Q but less volume than that of Q. Thus we obtain a division ofP into a union of standard 3-simplices. This is not always triangulation ofP , but this gives a covering ofP consisting of standard 3-simplices. From the theory of polytopal semigroup ring (see, for instance, [11] and [25] ), we see thatL is simply generated, hence very ample.
We claim thatX also defines a projective degeneration of (X, L). Denote ϕL :
. . , r. Now we define a morphism Φ :X → CP r as the i-th homogeneous coordinate of Φ(x) for x ∈X is λe(m
, where e(m ± i ) are homogeneous coordinates of ϕL(x) in P(Γ(X, L)) and [λ : µ] is the homogeneous coordinate of p(x) in CP 1 . Then the restriction of Φ to p −1 (λ = 0) coincides with ϕ L and Φ(p −1 (µ = 0)) is a union of projective planes corresponding to the triangulation Γ of P . Let V :=X \ p −1 (λ = 0). gives a projective degeneration of (X, L) to a union of projective planes.
3.3.
Degeneration of the four toric surfaces. In this paper we study four degenerations of polarized toric surfaces, each one of them is defined by integral convex polygon P . We choose a triangulation Γ for each P . And define a function h : P ∩ M → Z ≥0 so that the integral convex polytopeP of dimension 3 should realize the triangulation Γ of P .
The first surface is the Hirzebruch surface X 1 := F 1 of degree one embedded in CP 6 by the very ample line bundle L 1 whose class is s + 3g, where s is the negative section and g is a general fiber. We mentioned this surface as a polarized toric surface in Example 3, which is corresponding to the integral convex polygon P 1 (1, 3) in M = Z 2 . Let m i = (i, 0) for i = 0, 1, 2, 3 and m j = (j − 3, 1) for j = 4, 5, 6. Then from the one treated in [21] . We define a function h 1 :
Then we can define an integral convex polytopeP inM = M ⊕ Z realizing the triangulation Γ 1 of P 1 (1,3) . Hence we have a projective degeneration of ϕ 1 := ϕ L 1 :
The second surface is X 2 := CP 1 ×CP 1 embedded in CP We define a function h 3 :
Then we have a projective degeneration of
The last surface is a singular toric surface X 4 embedded in CP Note that degenerations for Hirzebruch surfaces were constructed in [14] and were explained in [10] . The fundamental groups of branch curves for some of those surfaces in CP 2 were computed in [27] . In order to avoid duplications (our toric varieties are of type Hirzebruch), we explain briefly the general setting of degeneration for X 1 , X 2 and X 3 , give the braid monodromy factorization, the resulting groups, and give sketch of proof (using the Moishezon -Teicher techniques, regeneration Lemmas [19] and van Kampen Theorem [26] ). For X 4 we give a detailed proof. (for p > q ≥ 2) appears in [14] and [15] . and m 3 (resp. m 2 , m 4 , m 5 ) are called 1-points (resp. 2-points). They were studied in [5] , [9] , [17] and [22] . Other singularities may be intersection points, preferably called parasitic intersections in the works of Moishezon -Teicher ( [17] , [22] ).
The regeneration of (X 1 ) 0 induces a regeneration of (B 1 ) 0 in such a way that each point on the typical fiber, say c, is replaced by two close points c, c The resulting curve B 1 is of degree 8. Zariski [27] showed that B 1 is dual to rational curve of degree 5. We are interested in the braid monodromy factorization of B 1 , and
Notation 8. We denote by Z ij the counterclockwise halftwist of i and j along a path below the real axis. Denote by Z
2 i,jj ′ the product Z 2 ij · Z 2 ij ′ , and by Z 2 ii ′ ,jj ′ the product Z 2 ij · Z 2 i ′ j · Z 2 ij ′ · Z 2 i ′ j ′ . Likewise Z 3 i,jj ′ denotes the product (Z 3 ij ) Z jj ′ · (Z 3 ij ) · (Z 3 ij ) Z jj ′ −1 .
Conjugation of braids is defined as a
Theorem 9. The braid monodromy factorization of the curve B 1 is the product of
and the product of parasitic intersection braids
Proof. The monodromies ϕ m 1 and ϕ m 3 (resp. ϕ m 2 , ϕ m 4 , ϕ m 5 ) are derived from the regenerations around 1-points (resp. 2-points), so the induced monodromies are (2) and (4) (resp. (3), (5), (6)). See for example the braids of ϕ m 2 in Figure 3 . The parasitic intersections were formulated in [18] , these are the intersections of the projections of 
Theorem 11. The group π 1 (C 2 \ B 1 ) is generated by {Γ j } j=1,2,3,4 subject to the rela-
Moreover, the group π 1 (CP Proof. The group π 1 (C 2 \ B 1 ) is generated by the elements
, where Γ j and Γ j ′ are loops in C 2 around j and j ′ respectively.
By the van Kampen Theorem, the two branch points braids give the following
The parasitic intersections braids contribute commutative relations
Relations (14), (16) and (18) get the forms Γ −1 (11) is derived by these three. Substituing these three relations in the other relations above gives relations (8) , (9) and (10) .
Adding the projective relation Γ 4 ′ Γ 4 · · · Γ 1 ′ Γ 1 = e, we can omit relation (11) and They used its degeneration to compute the fundamental group of the Galois cover corresponding to the generic projection of the surface onto CP 2 .
In this paper the embedding is by the linear system (O(1), O(3)). The degeneration of X 2 is a union of six planes embedded in CP 7 . It is viewed in Figure 5 . In a similar regeneration (see Sections 4 and 5) we get the branch curve B 2 , which has a degree of 10. Moishezon [15] pointed out that the curve B 2 is the projective dual of a rational nodal curve of degree 6.
Theorem 13. The braid monodromy factorization of the curve B 2 is the product of
and the parasitic intersections braids
Proof. By modification of indices in Figure 3 we get the needed factorization. See parasitic intersections braids in Figure 6 . 
The group π 1 (CP 2 \ B 2 ) is isomorphic to B 6 and the group Π (B 2 ) is isomorphic to
Proof. This proof is similar to the one of Theorem 11.
One can generalize this result as follows. Take
by O(n, 1). This embedded toric surface corresponds to the convex polygon Corollary 16. In this case, the group Π (B 2 ) is isomorphic to S 2n and π 1 ((X 2 ) Gal ) is trivial.
The surfaces X 3 and X 4
In this section we show that the groups π 1 (CP 2 \ B 3 ) and π 1 (CP 2 \ B 4 ) are certain quotients of Artin braid groups. In both cases, the groups Π (B 3 ) and Π (B 4 ) are symmetric groups.
5.1. The surface X 3 . The degeneration of X 3 is a union of four planes embedded in CP 5 , as depicted in Figure 7 .
Its branch curve (B 3 ) 0 in CP 2 is a line arrangment. Regenerating it, the diagonal line regenerates to a conic, which is tangent to the lines L 1 , L 3 . When the lines regenerate, each tangency regenerates into three cusps. We obtain the branch curve B 3 , whose degree is 6 and which is dual to a rational nodal curve of degree 4.
Theorem 17. The braid monodromy factorization related to B 3 is the product of
(33)
and the parasitic intersections braid
Proof. Similar proof as in Theorem 9.
to the relations
The group
Proof. By the van Kampen Theorem [26] 
From this presentation one can easily derive relations (38) -(40).
5.2.
The surface X 4 . The degeneration of X 4 is a union of six planes (X 4 ) 0 embedded in CP 7 ( Figure 8 ). It has A 1 singularity as explained in the introduction. The regeneration of (X 4 ) 0 induces a regeneration on its branch curve (B 4 ) 0 . Around the 1-points, the regeneration yields conics. A regeneration around 6-points was studied already, therefore we state briefly that we get a curve B 4 of degree 12 with six branch points, 24 cusps, and 24 nodes. Figure 9 .
Theorem 20. The braid monodromy factorization of the curve B 4 is the product of
where
and h 1 , h 2 , h 3 , h 4 are the braids related to the paths in Figure 9 .
Proof. The regeneration around the 1-points m 0 , m 1 , m 2 , m 3 , m 5 , m 6 and the 6-point m 4 was studied already, for example in [1] and [22] . The resulting braids (47) and (48) (resp. (49)) are related to the 1-points (resp. 6-point).
subject to the relations Proof. We apply the van Kampen Theorem [26] in order to get the presentation of The monodromy ϕ 4 (except the H factors) contributes branch points relations, commutative relations and triple relations (see (49)): 
